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Health status is often measured in epidemiologic studies on an ordinal scale,
but data of this type are generally reduced for analysis to a single dichotomy.
Several statistical models have been developed to make full use of information
in ordinal response data, but have not been much used in analyzing epidemiologic
studies. The authors discuss two of these statistical models—the cumulative
odds model and the continuation ratio model. They may be interpreted in terms
of odds ratios, can account for confounding variables, have clear and testable
assumptions, and have parameters that may be estimated and hypotheses that
may be tested using available statistical packages. However, calculations of
asymptotic relative efficiency and results of simulations showed that simple
logistic regression applied to dichotomized responses can in some realistic
situations have more than 75% of the efficiency of ordinal regression models,
but only if the ordinal scale is collapsed into a dichotomy close to the optimal
point. The application of the proposed models to data from a study of chest x-
rays of workers exposed to mineral fibers confirmed that they are easy to use
and interpret, but gave results quite similar to those obtained using simple logistic

regression after dichotomizing outcome in the conventional way.

asbestosis; regression analysis; statistics

Health status is often measured in epi-
demiologic studies on an ordinal scale. For
example, extent of symptoms of physical
disease may be measured on a scale such as
“absent” to “mild” to “severe”, and psycho-
metric evaluations are frequently ordinal.
In a particular example pursued further in
this article, chest x-rays of men exposed to
dust are commonly read for small opacities
on a four- or 12-point ordered scale. Data
of these type are sometimes analyzed as
numerical scores, but such an approach is
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only strictly valid if intervals between con-
secutive points on the scale can be consid-
ered equivalent. To avoid this assumption,
the scales are often dichotomized and ana-
lyzed using standard techniques for binary
data. Although valid, this approach loses
information by collapsing some categories
of the original scale. Statistical methods
which respect the ordinal nature of this
kind of response data have been developed,
and have recently received considerable at-
tention in the statistical journals. Although
some of these articles have used epidemio-
logic data to illustrate methods, the meth-
ods do not appear to have been widely used
in substantive reports of epidemiologic
studies. The purpose of the present article
is to provide an introduction to these tech-
niques which is accessible to epidemiolo-
gists, and to evaluate their usefulness for
epidemiologic research.
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THE CUMULATIVE ODDS AND
CONTINUATION RATIO MODELS

Statistical models of the dependence of
an ordinal variable on one or more explan-
atory variables are termed “ordinal regres-
sion models” (1). Two of these statistical
models, the cumulative odds model and the
continuation ratio model, will be discussed
in detail here. They will be illustrated first
by the data presented in table 1 from a
hypothetical survey of symptoms measured
on a three category ordinal scale (none,
mild, severe) in two groups.

Following the notation of McCullagh and
Nelder (2), the integers 1,....,k act ‘as labels
for the k ordered response categories; and
m,, ] = 1,....,k are the multinomial probabil-
ities of being in each category. In all ordinal
regression models, the =, depend on the
values of a vector of explanatory variables
x through regression parameters.

The cumulative odds model

Walker and Duncan (3), in a natural
extension of the logistic model for binary
response data, proposed the model:

logit(y,) = In(v,/(1 — ;) (1)
= 0_, - ﬁTx, _] =1.k—-1

where v, = =, +....+ =, are cumulative prob-
abilities of being in one of the first j cate-
gories, In(.) is the natural logarithmic func-
tion, and 4, and § are unknown parameters.
McCullagh (1) considers this model in
greater detail, calling it the “proportional
odds” model. The parameters 6, represent
the baseline logits of cumulative response
probabilities in a person for whom x = 0,
and B represents the “regression” parame-
ter through which the effect of the explan-
atory variables is mediated.

The cumulative odds model is sometimes
described as “grouped-continuous”, since it
may be derived by assuming an unobserved
underlying continuous response variable,
the observed ordinal response variable
being formed by taking contiguous inter-
vals of the continuous scale, with cut-points
unknown. This interpretation motivated
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the development of these models, and may
be useful in some applications, but is not
necessary. McCullagh (1) describes some
further generalizations within the grouped
continuous class of models.

Model 1 may be motivated from our il-
lustrative data. The table may be simplified
to a 2 X 2 table by dichotomizing the re-
sponse scale either by collapsing levels 2
and 3, or levels 1 and 2 (these constituent
tables are also shown in table 1). The for-
mer gives an estimated odds ratio of 1.71
(95 per cent logit confidence interval (CI)
= 0.89-3.29) and a likelihood ratio against
the null hypothesis of no association of 2.68
(p = 0.05, one-sided), the latter gives an
odds ratio of 2.1 (95 per cent CI = 0.69-
6.42) and a likelihood ratio of 1.83 (p =
0.09, one-sided). Either analysis is a valid
approach to investigating the dependence
of the response on group membership, but
each one discards some information which
is pertinent to that dependence. The cu-
mulative odds model assumes that in the

TABLE 1
Hypothetical two group example of ordinal response
data
Original data
Response category
Total
None Mild Severe

Group 1 80 15 5 100
Group 2 70 20 10 100

Constituent tables of the cumulative odds model

1 2
None Mild or Noqe Severe
severe or mild
Group 1 80 20 95 5
Group 2 70 30 90 10

Constitutent tables of the continuation ratio model

1 2
None Mild or Mild Severe
Group 1 80 20 15 5
Group 2 70 30 20 10
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hypothetical population from which this
sample was drawn, the odds ratios from
each of the two possible dichotomies are
the same. If x = 0 for group 1, and x = 1
for group 2, this common odds ratio is
obtained from expression 1 as e®. Because
the data of the 2 X 2 tables obtained from
each dichotomy are correlated, estimation
of the common odds ratio and inference
concerning it cannot be done using tech-
niques (Mantel-Haenszel, simple logistic
regression, etc.) for obtaining summary in-
formation from independent strata. The pa-
rameters 6, and § may, however, be esti-
mated by maximizing the multinomial like-
lihood induced by the model 1, and
inference effected using likelihood ratios,
or the asymptotically equivalent score
or Wald ({(8 — 80)/SE(B)}*) chi-squared
tests. Other adequate approaches to signif-
icance testing are possible, for example in
the two-sample case the score statistic is
the same as Wilcoxon’s average rank sta-
tistic (1); these tests are not stressed here,
since our emphasis is on estimation. Con-
fidence intervals may be estimated most
conveniently from standard errors on the
assumption that the sampling distribution
of parameters is normal. Computational is-
sues are discussed below.

The data of table 1 give a maximum
likelihood estimate for 8 of 0.56, and hence
for the common odds ratio, e?, of 1.74 (95
per cent CI = 0.92-3.33). This estimate lies
between those obtained from each of the 2
X 2 tables after dichotomizing the three-
point ordinal outcome, as is intuitively rea-
sonable. The likelihood ratio against the
null hypothesis that 8 = 015 2.91 (p = 0.04,
one-sided), slightly higher than the largest
of the two likelihood ratios from the 2 X 2
tables.

The continuation ratic model

Replace the cumulative probability of
being in one of the first j categories in the
cumulative model (v,) by the probability of
being in category j conditional on being in
category j or greater, §; = 7,/(1 ~ v,-,). This
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gives:

logit(s,) =6, — 8"x,
where

logit (§;) = In{é;/(1 — o)
= In{x,/(1 = ¥,)}.

This model of conditional odds has been
called the continuation ratio model (4), and
it is essentially the proportional hazards
model proposed by Cox (5) for survival data
in discrete time. Note that, although the
parameters 6, and § in model 2 play ap-
proximately the same role as those given
the same letters in model 1 (representing
baseline category parameters and a regres-
sion parameter, respectively), they are not
directly comparable, since one model pre-
dicts cumulative probabilities, and the
other conditional probabilities (“hazards”).

For the illustrative data, the continua-
tion ratio model corresponds to partition-
ing the table into two 2 X 2 tables, but in a
different manner than for the cumulative
odds model. The tables are shown in table
1: the first is obtained by collapsing re-
sponse levels 2 and 3 as before; but the
second is obtained by discarding the re-
sponses in the first category, and compar-
ing response category 3 to category 2. This
latter gives an odds ratio of 1.5 (95 per cent
CI = 0.42-5.32) and a likelihood ratio of
0.40 (p > 0.20, one-sided). In the contin-
uation ratio model, it is assumed that the
underlying population odds ratios from
these two tables are the same and equal to
¢’. Estimation of the parameters 0, and 8,
and inference concerning them, may be car-
ried out by maximum likelihood. Following
the argument of Cox (5, 6), the strata in-
duced by the continuation ratio model may
be considered “conditionally independent”,
so that estimation and inference may pro-
ceed as for independent strata of binary
response data.

The continuation ratio model fitted to
the data in table 1 gives a maximum like-
lihood estimate for 8 of 0.51, and hence for
the common odds ratio, €, of 1.67 (95 per

Jj=lL.k—1, (2)
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cent CI = 0.93-2.97). The likelihood ratio
against Hop:8 = 0, is 2.8 (p = 0.05, one-
sided).

Generalizations

The cumulative odds model, 1, and the
continuation ratio model, 2, have similar
forms, and can be generalized in parallel
ways.

First, the right hand side of expressions
1 and 2 can be generalized. As they stand,
the models can include any number of ex-
planatory variables (“covariates”) in the
vector x, and can thus be used to account
for confounding variables and examine in-
teractions between explanatory variables in
the same way as the simple logistic regres-
sion model for dichotomous outcome (with
analogous assumptions); explanatory vari-
ables may be numerical (discrete or contin-
uous) as well as categorical. The basic as-
sumption of the models, that covariate ef-
fects (8"x) are additive (on the logistic
scale) to “level” effects (6,) may be relaxed
by allowing the regression parameter § to
depend on level (i.e., allow interaction be-
tween covariates and levels). Thus, for the
cumulative odds model:

logit(y,) = 6, + 8"x, (3)
and for the continuation ratio model:
logit(s,) = 6, + B,"x. (4)

Fitting model 3 or 4 to a simple two group
data set would give a “saturated” model
(one in which all cell frequencies are fitted
exactly), because there would be as many
parameters as cells; however, with more
complex covariate structures, this need not
be the case.

In most applications, the usefulness of
model 3 or 4 is to test the assumption of
proportionality (also called parallelism)
which may be formally stated as the hy-
pothesis: 8, = B8, =...= Bx,. Where several
explanatory variables are included in the
model, so that 8 is a vector, it may be
interesting to consider models in which the
effect of some explanatory variables is par-
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allel, but the effect of others is not; for
example, we may wish to test for parallel-
1sm of variable effects separately.

Second, the logit “link” function of both
models may be replaced by others, as with
binary outcome data. The probit function
i8 very similar to the logit; the complimen-
tary log-log link, f(-) = In[In{l — (-)}]
makes the cumulative odds equivalent to
the continuation ratio model (7); the log-
log link, f(-) = In{—In(-)} has also been
suggested. In some circumstances, log and
identity links, corresponding to relative
risk and risk difference models with di-
chotomous outcome (8), may also be useful.

Testing model assumptions

The goodness of fit of the cumulative
odds or continuation ratio model to a data
set may be examined in various ways. First,
the likelihood ratio between the proposed
model and the “saturated” multinomial
model in which every cell count is fitted
exactly (the “residual deviance”) asymptot-
ically follows a chi-squared distribution if
all systematic variation has been accounted
for by the proposed model. A residual de-
viance very much higher than the residual
degrees of freedom is thus indicative of a
poor fit. The approximation of the residual
deviance to a chi-squared distribution is
poor when cell frequencies are low, how-
ever, and in particular if one or more
explanatory variables is continuous, this
method should not be relied on (2). The
Pearson chi-square (Z{(O — E)*/E}) for cell
frequencies has similar properties. Second,
a more directed test of model assumptions
is achieved by comparing the fit of a model
(usually via the likelihood ratio) with a
specific generalization, such as one of those
discussed in the previous section. Thus,
choosing the appropriate combination of
covariates and interactions between them
may proceed in exactly the same way as for
logistic regression with dichotomous out-
come; testing proportionality (parallelism)
may be done by comparing the log likeli-
hood achieved by model 1 or 2 with that
achieved by model 3 or 4. (In simple situa-
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tions, such as the two group case, this is
equivalent to examining the residual devi-
ance). Comparing the fit of models with
different links, or completely different or-
dinal regression models (e.g., the cumula-
tive odds vs. the continuation ratio model),
can be carried out informally by comparing
likelihoods (9), or more formally by nesting
the two models in a more general “mixture”
model (10). Analysis of residuals, which
may also be useful, is discussed by Mc-
Cullagh (1) but not described here.

For the data of table 1, the fitted cumu-
lative odds and the continuation ratio
models gave residual deviances of 0.18 and
0.03, respectively, on one degree of freedom.
Viewing these statistics as general indica-
tors of goodness of fit, or of tests of propor-
tionality or parallelism (8; = B8, in models
3 and 4), we see that both models fit well,
and that there is no evidence for different
underlying odds ratios in the two constitu-
ent tables defined by the two possible cut-
points.

Computational issues

The cumulative odds model may be fitted
to data with fairly general covariate struc-
ture (numerical or categorical, including
interactions), using the SAS supplemental
library program PROC LOGIST (11). The
program output gives likelihood ratio and
score statistics as well as maximum likeli-
hood estimates (with standard errors) of
the 6, and S. Neither residual deviance nor
a test for parallelism is provided with
PROC LOGIST. However, these test sta-
tistics can be obtained with modest addi-
tional ad hoc calculations (Appendix 1).

The cumulative odds model may be
shown to be a generalized linear model with
a “composite link” (12). Thus, the GLIM
package (13) may be adapted to fit this
model, and Hutchison (14) has published a
GLIM MACRO for this purpose. This
method allows testing for parallelism, but
is more cumbersome to use than PROC
LOGIST, and works only for fairly simple
covariate structures (it cannot be used with
continuous covariates).
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As mentioned above, the continuation
ratio model may be fitted by considering
the tables into which the data are parti-
tioned as independent strata of binary re-
sponses. If the data are restructured in this
way, any package capable of logistic regres-
sion can be used to estimate parameters (8
and 6,), and to calculate likelihood ratios.
The GLIM package is well suited to this,
allowing links other than the logit to be
used, as well as having convenient mecha-
nisms for handling categorical as well as
numerical variables. Iyer (15) has given
details of how continuation-ratio models
may be fitted using GLIM. In addition to
the explanatory variables of interest, a cat-
egorical variable (“LEVEL”) indexing each
of the strata formed by partitioning is re-
quired from which the level parameters, 6;,
are estimated. Parallelism may be tested by
testing the interaction of “LEVEL” with
the explanatory variable(s).

EXAMPLE: FIBROSIS IN MINERS

Data from a cross-sectional study of ra-
diographic abnormalities in 244 past and
present miners exposed to tremolite fibers
(16) are used as an example. The response
of interest was the profusion of small opac-
ities on the chest x-ray, read according to
the International Labour Office 1980 clas-
sification (17) on a 12-point ordered scale,
conventionally labelled: 0/-, 0/0, 0/1, 1/0,
1/1,1/2,2/1,2/2,2/3,3/2,3/3, 3/4. A major
objective of the study was to examine the
relation between profusion of small opaci-
ties and exposure to fibers (here measured
as a cumulative exposure index in units of
fiber/ml-years). Potentially confounding
variables included age and smoking habit.

Table 2 shows profusion score broken
down by cumulative exposure, age, and
smoking habit. As is common in this type
of study, men are concentrated in the lower
categories of the scale. Three of the profu-
sion categories (0/-, 2/1, 3/4) were not used
in the study, and thus could be dropped
from consideration without losing infor-
mation. Estimates of parameters from very
sparse data may not be consistent (18).
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TABLE 2
Example: profusion of small opacities in muners exposed to fibers

Profusion of small opacities

No.

0/~ 0/0 0/1 1/0 1/1 /2 2/1 22 23 32 3/3  3/4
All men 244 - 182 17 16 16 5 - 3 3 1 1 -
By cumulative exposure (fiber/ml-years)

0-10 92 - 79 6 4 2 1 - 0 0 0 0 -
-20 64 - 48 4 4 4 1 - 1 1 1 0 -
-100 53 - 38 5 3 3 2 - 1 1 0 0 -
-200 16 - 8 0 5 2 1 - 0 0 0 0 -
>200 18 - 9 2 0 5 0 - 1 1 0 1 -

Although inconsistency is unlikely to be a
problem here, computational difficulties
were experienced in maximizing likelihoods
when the higher categories with very small
frequencies were left separate; therefore,
scores of 2/3 and above were collapsed into
a single category, leaving seven. We fitted
the cumulative odds, continuation ratio,
and simple logistic model, the latter by
dichotomizing the profusion score between
0/1 and 1/0, as is customary to define “nor-
mals” and “abnormals”. Age and cumula-
tive exposure were included in the models
as continuous explanatory variables, and
smoking as a factor of three levels (never
smokers, ex-smokers, and current smok-
ers).

Table 3 shows the components of the
estimated regression parameter 8 (with all
variables in the model), the corresponding
odds ratios with 95 per cent confidence
intervals, and the likelihood ratio against
the null hypothesis that the relevant com-
ponents of 8 are zero. As noted above, the
regression parameter 8, and hence the com-
mon odds ratio, has a different interpreta-
tion for the cumulative odds model than for
the continuation ratio model; those for the
simple logistic regression model are com-
parable to those of the cumulative odds
model if the latter model holds.

Profusion score was significantly associ-
ated with age, smoking, and cumulative
exposure under all three forms of analysis,
although slightly less so (judging by the
likelihood ratio tests) in the simple logistic
than the two ordinal regression models.
Likelihood ratios for smoking and cumula-

tive exposure were similar for cumulative
odds and continuation ratio models but
that for age was higher in the continuation
ratio model. The global likelihood ratio for
all three factors simultaneously was 57.0,
75.1, and 76.8 for the simple logistic,
cumulative odds, and continuation ratio
models, respectively.

There was no consistent pattern of dif-
ference between the odds ratios estimated
from the simple logistic and from the cu-
mulative odds model. Standard errors of
the regression parameters were slightly
smaller in the cumulative odds model than
in the simple logistic model, reflecting some
increase in efficiency in the former. The
odds ratios from the continuation ratio
model were lower than the other two. This
is an expected result due to the different
meaning of 8 and hence the common odds
ratio in this model (see “Discussion” sec-
tion); the differences are small, however,
relative to the width of the confidence in-
tervals.

The overall multinomial log likelihood
was very similar for the cumulative odds
(—200.4) and the continuation ratio
(—199.5) models, which have an equal num-
ber of parameters (10). The binomial log
likelihood for the simple logistic model
(—88.1) is not comparable. None of the
overall likelihoods should be interpreted as
measures of goodness of fit, since continu-
ous exposure variables are used. Likelihood
ratio tests of model assumptions against
specific alternatives are shown in table 4.
There appears to be no evidence for non-
linearity of age and cumulative exposure
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TABLE 3
Example: fibrosis in miners—results of model fitting
Factor Model BsEy % (gsq cit) I;‘Bfl‘;“(“;f‘;)* pvalue
Age (by 10-year age groups) Simple logistic 0.84 (0.18) 2.32 (1.63-3.30) 27.2 (1) <0.001

Cumulative odds 0.76 (0.16) 2.14 (1.59-2.87) 31.2(1) <0.001
Continuation ratio  0.68 (0.12) 197 (1.58-2.50) 39.1(1) <0.001

Smoking (relative to never

smokers)
Ex-smokers Simple logistic 0.82 (0.69) 2.27 (0.69-8.78)
Cumulative odds 1.05 (0.60) 2.86 (0.88-9.26)
Continuation ratio  0.71 (0.44) 2.03 (0.86-4.82)
Current smokers Simple logistic 1.70 (0.71) 6.47 (1.36-22.01) 8.2 (2)8 0.02

Cumulative odds 1.88 (0.62) 6.55 (1.94-22.09) 12.5(2)§ 0.002

Continuation ratio  1.39 (0.46) 4.01 (1.66-9.70) 12.6 (2)§ 0.002

Cumulative exposure (per 100
fiber/ml-years) Simple logistic 0.356(0.12) 142 (1.12-1.80) 10.9 (1) <0.001
Cumulative odds 0.38 (0.09) 1.46 (1.23-1.74) 17.3 (1) <0.001

Continuation ratio  0.24 (0.06) 1.27 (1.12-1.44) 17.8 (1) <0.001

* SE, standard error. t CI, confidence interval. 1 df, degrees of freedom.
§ Likelihood ratio for removing both smoking variables.

TABLE 4
Example: testing model assumptions

Likelihood ratio
Additional term in the model drt Simple Cumulative  Continuation
logistic odds ratio

Linearity of effects

Age? 1 0.3 0.4 2.2

Cumulative exposure? 1 0.5 0.6 33
Interactions between explanatory variables

Age»smoking 2 0.1 0.4 0.2

Smoking* cumulative exposure 2 0.1 0.1 0.2

Age}scumulative exposure 1 0.1 0.2 0.0
Interactions between level and explanatory

variables (separate slopes models)

Levelsage 5 - 6.68 8.0

Level*smoking 8 - 6.3§ 8.0

Levelscumulative exposure 5 - 5.48 25

Level* (age + smoking + cumulative exposure)
(all effects allowed to depend on level) 18 - 20.1 18.8

t df, degrees of freedom.
§ Age dichotimized at 60 years to define interaction.
§ Approximate values (see Appendix 1).

effects in the simple logistic or cumulative of conventional statistical significance (p
odds model. The likelihood ratio for a quad- = 0.07). There was no evidence for inter-
ratic cumulative exposure effect in the con- action between age, smoking, and cumula-
tinuation ratio model is on the borderline tive exposure in any of the three models,






